I present an approximation of Bessel function J 0 (r) of the first kind for small arguments near the origin. The approximation comprises a simple cosine function that is matched with J 0 (r) at r = π/e. A second matching is then carried out with the standard, but slightly modified, far-field approximation for J 0 (r), such that first and second derivatives are also considered. The approximation is practical when nonlinear dynamics come into play, in particular in the case of nonlinear interactions that involve second order differential equations as in acoustic-gravity wave theory. A demonstration of the proposed matching technique applied to three-dimensional acoustic-gravity wave triad resonance in cylindrical coordinates is provided.
INTRODUCTION
The boundary-value problem of the generation of gravity and/or acoustic waves in fluids due to a localised disturbance at the surface is associated with the three dimensional wave equation in cylindrical coordinates. Under standard conditions, the solution is given by Bessel functions which may become cumbersome for many problems, in particular when nonlinearity comes into play, such as in acoustic-gravity wave triad resonance [1] [2] [3] [4] [5] . Here we are concerned with an approximated solution valid within a distance of a few wavelengths from the disturbance origin, after which the waves are effectively damped or dissipated. Yet, for brevity, we do not consider damping or dissipation which can be easily added or treated numerically once a closed form solution is structured. Fast and accurate Bessel function computations were presented in the literature, e.g. Ref. [6] , though the nature of terms collected in the nonlinear problem discussed here require a much more simplified approach.
Thus, we present a simple cosine approximation for the near-field that is matched with J(x) at x = π/e. The near-field approximation is matched with a modified far-field approximation at various locations, in x, that take into account the first and second derivatives. This allows no singularities at the origin with incremental deviation from the exact solution in the nearfield, and only small errors in the far-field.
Since this work is originally motivated by the three-dimensional triad resonance of acoustic-gravity waves, the formulation of the problem and the general leading order solution are presented in the following section 2. The matched approximation and the validation of the proposed technique are given in sections 3 and 4, respectively. Then, an application example for a triad resonance is demonstrated in section 5, followed by concluding remarks in section 6.
FORMULATION AND SOLUTION
Based on irrotationality, the general problem of gravity and/or acoustic waves is formulated in terms of the velocity potential ϕ(r, z, t), where u = ∇ϕ is the velocity field. We shall use dimensionless variables, employing µh as lengthscale and h/c as timescale. Assuming radial motion, the governing equation is then the compressible wave equation in cylindrical
We seek modes that radiate with wavenumber k and frequency ω in the form
Upon substituting (.2) into (.14), this separation of variables produces a set of two ordinary differential equations
where k 2 is a separation constant between r and z. The solution of the second ordinary differential equation is simple and can be found in Ref. [5] . The general solution of the first ordinary equation
is well known and it is given by Ref. [7] :
where J 0 and Y 0 are Bessel functions, and C 1 , C 2 are coefficients that can be found from the space-time boundary conditions. Specifically, J 0 and Y 0 take the forms
In the far field, both J 0 and Y 0 oscillate and behave like damped cosine and sine functions, namely,
To avoid singularity at the origin we consider the case Y 0 = 0.
MATCHED APPROXIMATION
The matched approximation comprises three steps. The first step of the matching is approximating the near-field using a simple cosine function of the form,
where a is a matching parameter calculated by matching J 0,near with J 0 at r = π/e. Thus, the approximation is exact at the origin and at the matching point a 0.6967398.
In the second step we match the near-field with a modified far-field approximation of the form, the standard far-field approximation is met. However, these would result in a discontinuities with the near-field solution. Thus, instead of using the standard approximation we introduce a three-point matching, at r = r 1 , r 2 , r 3 , such that the first and second derivatives are also matched. Thus, for the zeroth derivative we require that
and similarly for the second and third derivatives, proper approximation for the derivatives as well, we employ the multiple-location matching described above. Taking into account r 11 , r 12 , r 13 , b 1 , b 2 , and b 3 presented in section 4 we are able to design a solution whose first and second derivatives are also matched, see figure   2 . Since matching the far-field deforms the standard far-field solution of R, the solution diverges as r → ∞, and a clear discrepancy is noticed after a few periods only. To overcome this difficulty, we impose a third step with a second three-location far-field matching at 
NONLINEAR TRIAD INTERACTION: APPLICATION EXAMPLE
Consider the cubic nonlinear acoustic-gravity wave equation
with a velocity potential for three interacting modes,
To form a resonant triad the dispersion relations for the acoustic and gravity waves need to be satisfied, see (2.8) and (2.12) in Ref. [5] . The first two terms in (.15) represent the two surface gravity waves while the last represents the acoustic mode, that is scaled in the vertical coordinate Z = µz. The surface wave amplitudes S ± and the acoustic mode amplitude A depend on the 'slow' time T = µt, and space R = µr, where = αµ 1/2 with α = O(1) (see Ref. [5] ). In addition, these modes must obey the resonance conditions
where k ± are the gravity wave numbers, and µκ is the acoustic wavenumber.
Terms in R cause secular behaviour at higher order expansions, and require imposing solvability conditions that lead to the amplitude evolution equations. Considering the exact solution given in .5, would require using Bessel function of the first kind and its first and second spatial derivatives,
In particular, the terms ϕ r , ϕ rr , ϕ 2 r , |∇ 2 ϕ| t , and 
for the far-field. Thus, when substituting (.15) in the governing equation, we focus on terms ∝ exp{i(ak ± r ± − ω ± t)}, and exp{i(aκr − ωt)}, which are much more convenient to work with. For example, in the near-field collected terms ∝ exp{i(aµκr − ωt)} are:
Similarly, the far-field terms can be collected, and following a similar procedure as in Ref.
[5] the desired evolution equations can be obtained. For the far-field, we employ the standard far-field approximation. However, this cannot be smooth with our solution, or its derivatives. Therefore, we introduce an intermediate zone that we refer to as far-field I, whereby the standard approximation is modified with three more parameters, that are matched with the Bessel corresponding derivatives, from one hand, and three different locations that allow matching with the near-field, on the other hand. Since, such modification creates some discrepancy in the actual far-field solution, referred to as far-field II, we allow a second matching with the standard far-field, at the three proper locations in space.
The proposed approximation deals with first two derivatives only, though in principle one can introduce a Polynomial, in b ij , of enough orders to match as many derivatives as required. Finally, the proposed approximation was motivated from the nonlinear interaction of acoustic-gravity waves in cylindrical coordinates. As demonstrated briefly, the approximation makes collecting resonant terms straight forward avoiding a cumbersome work that involves Bessel function derivatives and their second and third powers.
